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There are two types of feedback linearization of unicycle models. The first is to obtain a single-integrator model. The 

second is to obtain a double-integrator model (reference for the double integrator model: Automatica “Distributed 

formation control of nonholonomic mobile robots without global position measurements”). 

Double-Integrator Case 

Mathematics: very easy 

The unicycle model is 

�̇� = 𝑣𝑐𝑜𝑠𝜃 

�̇� = 𝑣𝑠𝑖𝑛𝜃 

�̇� = 𝑎 

�̇� = 𝑤 

The input is a and w. In a matrix form, the model is 

�̇� = 𝑣ℎ 

Where 𝑣 is the linear velocity and ℎ is the heading vector ℎ = [𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃]𝑇. The acceleration is 

�̈� = �̇�ℎ + 𝑣ℎ̇ 

= 𝑎ℎ + 𝑣ℎ⊥𝑤  

= [ℎ 𝑣ℎ⊥] [
𝑎
𝑤

] 

≔ 𝑓 

As a result, 𝑓 is the acceleration of the unicycle! If 𝑓 can be designed so that the formation can be achieved, then the 

corresponding 𝑎 and 𝑤 can be calculated as 

[
𝑎
𝑤

] = [ℎ 𝑣ℎ⊥]−1𝑓 

= [
ℎ𝑇

1

𝑣
(ℎ⊥)𝑇] 𝑓 

= [
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃

−
1

𝑣
𝑠𝑖𝑛𝜃

1

𝑣
𝑐𝑜𝑠𝜃

] 𝑓 

Intuitive Interpretation: very important 

• Question: When a point can be modeled as a double integrator?  

• Answer: when the acceleration of the point can be assigned arbitrarily.  

So the key point is that when 𝑣 is nonzero, the acceleration of a unicycle can be arbitrarily assigned. The linear 

acceleration is obvious. The lateral acceleration is the centripetal acceleration. If 𝑣 = 0, then there is no centripetal 

acceleration and hence the lateral acceleration is zero. Therefore, it must require that 𝑣 ≠ 0. How to do that? When you 

design 𝑓 for the double integrator model, assure the velocity 𝑣 is always nonzero as shown in the automatica paper. 



Single-Integrator Case 

Mathematics: very easy 

The unicycle model is 

�̇� = 𝑣𝑐𝑜𝑠𝜃 

�̇� = 𝑣𝑠𝑖𝑛𝜃 

�̇� = 𝑤 

The input is v and w. The model is nonlinear in the inputs. Instead of considering the center point of the unicycle robot, 

consider a point on the robot shifted from the center point by 𝑟.  
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The coordinate of the point is 

𝑥𝑟 = 𝑥 + 𝑟𝑐𝑜𝑠𝜃 

𝑦𝑟 = 𝑦 + 𝑟𝑠𝑖𝑛𝜃 

The velocity of this point is 

[
�̇�𝑟

�̇�𝑟
] = [

𝑣𝑐𝑜𝑠𝜃 − 𝑟𝑠𝑖𝑛𝜃𝑤
𝑣𝑠𝑖𝑛𝜃 + 𝑟𝑐𝑜𝑠𝜃𝑤

] 

= [
𝑐𝑜𝑠𝜃 −𝑟𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑟𝑐𝑜𝑠𝜃

] [
𝑣
𝑤

] 

: = 𝑓 

Let 𝑓 be the new input to be designed. Note that 𝑓 is simply the velocity of the offset point. Then, the model of the 

offset point is simply a linear single-integrator model. Once 𝑓 has been designed, 𝑣 and 𝑤 can be calculated from 𝑓 as  

[
𝑣
𝑤

] = [
𝑐𝑜𝑠𝜃 −𝑟𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑟𝑐𝑜𝑠𝜃

]
−1

𝑓 =
1

𝑟
[

𝑟𝑐𝑜𝑠𝜃 𝑟𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] 𝑓 = [
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃

−𝑠𝑖𝑛𝜃

𝑟

𝑐𝑜𝑠𝜃

𝑟

] 𝑓 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

Intuitive Interpretation: very important 

• Question: When a point can be modeled as a single integrator?  

• Answer: when the velocity of the point can be assigned arbitrarily.  



The motion of the center point of a unicycle is subject to nonholonomic constraints, because it cannot slide to the left or 

right. However, the motion of the offset point can be viewed as a single integrator. That is its velocity can be arbitrarily 

assigned, because the lateral velocity can be achieved by turning the heading of the unicycle!!! Therefore, the above 

linearization is basically 

1) Design control law 𝑓 based on the single-integrator model to control the offset point. 

2) Calculate how the unicycle should move (i.e., to determine 𝑣, 𝑤) so that the desired control input for the offset 

point can be obtained!! 

Let ℎ = [𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃]𝑇 and ℎ⊥ = [−𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜃]𝑇. Then, the feedback linearization control law is 

𝑣 = ℎ𝑇𝑓 

𝑤 =
1

𝑟
(ℎ⊥)𝑇𝑓 

As a result,  

�̇� = ℎℎ𝑇𝑓 

ℎ̇ =
1

𝑟
(ℎ⊥)(ℎ⊥)𝑇𝑓 

The above control law is very similar to the one I proposed in my TAC paper. The only difference is the coefficient 1/𝑟. It 

can be interpreted as a control gain. If 𝑟 → 0, then the control gain is very large so that ℎ can be rotated very fast to 

align with 𝑓. If 𝑟 → ∞, then the control gain is very small, so that ℎ will rotate very slow. Note that the position control 

does not have a control gain and only the heading control has a control gain. 

Summary: 

1. Although the center point cannot slide to the side, the offset point can move like a single-integrator!! The 

motion to the left or right slide can be achieved by turning the heading! 

2. Based on the feedback linearization, we obtain the following control law 

�̇� = ℎℎ𝑇𝑓 

ℎ̇ =
1

𝑟
(ℎ⊥)(ℎ⊥)𝑇𝑓 

If the unicycle moves as above, 𝑓 is the velocity of the point shifted by a distance of 𝑟. That is because 

𝑝𝑟 = 𝑝 + ℎ𝑟 

As a result, 

�̇�𝑟 = �̇� + 𝑟ℎ̇ = ℎℎ𝑇𝑓 + (ℎ⊥)(ℎ⊥)𝑇𝑓 = 𝑓 

3. Note that based on this so-called feedback linearization, we are actually controlling the position of the offset 

point instead of the center point. However, in practice, with a small 𝑟, this method may be acceptable because 𝑝 

and 𝑝𝑟 are very close. The position error is bounded and small. 

If it is not required 100% accurate, this method is very promising because it is very easy. However, it has a very 

big practical problem. That is the angular rate control input may be very large! So we need to consider 

saturation control. In this case, the offset point is not a single-integrator anymore. There is no trivial way to 

study the saturation control case. My TAC paper is a good example when 𝑓 is the gradient flow.  

4. Note that 𝑓 is usually based on certain measurements. In order to correctly control the offset point, we need to 

measure the relative position or other measurements of the offset point instead of the center point. In this way, 

the offset point will finally converge to the desired position and the center point is consequently very close to 

the target position.  

However, if the measurement is for the center point, but we are actually controlling the position of the offset 

point, the situation may be more complicated to analyzed. In my TAC paper, it works in this way and 𝑟 = 1. The 



result shown in that paper is that the center point (not the offset point) will converge to the correct and desired 

position (because the measurement is for the center point). 

5. If the measurement is about the center, then the control of the offset point is an approximation because we are 

supposed to use the measurement of the offset point. However, if the measurement is based on the offset point, 

then we can successfully control the position of the offset point. 

 


