
We just consider the real case where A is real. 
𝐴𝑊 + 𝑊𝐴𝑇 = 𝐻 

Now prove if 𝐻 ≥ 0 and 𝑊 > 0, then 𝐴 is positive semi-stable; i.e., 𝑅𝑒(𝜆) ≥ 0. The key is to analyze the 
matrix product 𝐴𝑊!!!  
 
Not complete proof: (for real eigenvalues and eigenvectors) 
Let 𝜆 ∈ 𝜎(𝐴) and 𝑥𝑇𝐴 = 𝜆𝑥𝑇 (for the above equation we need the left eigenvector, for the equation in 
the book, we need the right eigenvector). Now consider 𝑥𝑇𝐴𝑊𝑥: 

• 𝑥𝑇𝐴𝑊𝑥 = 𝜆𝑥𝑇𝑊𝑥 

• 𝑥𝑇𝐴𝑊𝑥 = 𝑥𝑇 �𝐴𝑊+𝑊𝐴𝑇
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Therefore,  
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As a result, if W>0 and 𝐻 ≥ 0, then 𝜆 ≥ 0; if 𝐻 > 0, then 𝜆 > 0; if 𝐻 < 0, then 𝜆 < 0. 
 
Complete Proof: (for general complex eigenvalues and eigenvectors) 
The above proof is not 100% correct because it is applicable merely to the case where 𝜆 and 𝑥 are real.  
Even if 𝐴 is real, its eigenvalues and eigenvectors can still be complex! If 𝜆 is complex (real), then 𝑥 is 
complex (real)! 
 
Let 𝜆 ∈ 𝜎(𝐴) and 𝑥∗𝐴 = 𝜆𝑥∗. Now consider 𝑥∗𝐴𝑊𝑥 

• 𝑥∗𝐴𝑊𝑥 = 𝜆𝑥∗𝑊𝑥 

• 𝑥∗𝐴𝑊𝑥 = 𝑥∗ �𝐴𝑊+𝑊𝐴𝑇

2
+ 𝐴𝑊−𝑊𝐴𝑇

2
� 𝑥 = 1

2
(𝑥∗𝐻𝑥 + 𝑥∗𝑆𝑥) 

Therefore,  

𝜆𝑥∗𝑊𝑥 =
1
2

(𝑥∗𝐻𝑥 + 𝑥∗𝑆𝑥) 

It must be noted that 𝑥∗𝑆𝑥 is not zero in the complex case. In fact, we have 
• 𝑥∗𝑆𝑥 is pure imaginary because (𝑥∗𝑆𝑥)∗ = −𝑥∗𝑆𝑥 
• 𝑥∗𝐻𝑥 is pure real because (𝑥∗𝐻𝑥)∗ = 𝑥∗𝐻𝑥 

Therefore, the above equation can be split to  

2𝑅𝑒(𝜆)𝑥∗𝑊𝑥 + 2𝐼𝑚(𝜆)𝑥∗𝑊𝑥 = 𝑥∗𝐻𝑥 + 𝑥∗𝑆𝑥 ⟹ �2𝑅𝑒(𝜆)𝑥∗𝑊𝑥 = 𝑥∗𝐻𝑥
2𝐼𝑚(𝜆)𝑥∗𝑊𝑥 = 𝑥∗𝑆𝑥  

As a result,  
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